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I. INTRODUCTION
I N THIS paper, we study the output regulation problem for an exponentially stable τ -periodic system of the forṁ x(t) = A(t)x(t) + B(t)u(t) + B d (t)w dist (t), x(0) = x 0 (1a)
with state space X, input space U 0 , and output space Y 0 . The main goal in our control problem is to design a control law in such a way that the output y(t) ∈ Y 0 converges asymptotically to a τ -periodic reference signal y ref (·) despite the external τ -periodic reference signal w dist (·). In the robust output regulation problem, we in addition require that the same controller achieves the output tracking even for perturbed parameters (Ã(t),B(t),B d (t),C(t),D(t)) of the system (1) . Throughout the paper, we consider systems (1) on a Banach or Hilbert space X. This class of systems includes a wide range of nonautonomous partial differential equations, delay equations, and infinite systems of ordinary differential equations. However, the presented results are also new and directly applicable for finite-dimensional periodic systems on X = C n and X = Manuscript received August 9, 2016; revised January 6, 2017; accepted January 12, 2017. Date of publication January 17, 2017; date of current version August 28, 2017 . This work was supported by the Academy of Finland under Grant 298182. Recommended by Associate Editor Mark Opmeer.
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Digital Object Identifier 10.1109/TAC.2017.2654968 R n . Finally, our results offer three new controllers for output regulation of linear time-invariant systems with nonsmooth periodic reference and disturbance signals. We consider two types of control laws. The first type is a static τ -periodic control law
where the function u reg ∈ L 2 (0, τ; U 0 ) is computed based on y ref (·) and w dist (·). The second type is a dynamic feedback control law u(·) = Kz n on [nτ, (n + 1)τ ), n ≥ 0 (3a)
where K ∈ L(Z, L 2 (0, τ; U 0 )) and z n is the state of the discretetime controller z n +1 = G 1 z n + G 2 (y(nτ + ·) − y ref (·)), z 0 ∈ Z (3b)
with G 1 ∈ L(Z) and G 2 ∈ L(L 2 (0, τ; Y 0 ), Z). In this control configuration, the control input u(·) on the interval [nτ, (n + 1)τ ) for n ≥ 0 is determined by z n , which for n ≥ 1 in turn depends on z n −1 and the output y(·) on [(n − 1)τ, nτ ).
In this paper, we present four different controllers. The first controller is a static τ -periodic control law of the form (2) that solves the output regulation problem in the situation where both the reference signal y ref (·) and the disturbance signal w dist (·) are known functions. The second controller is a finitedimensional discrete-time feedback controller (3) that achieves output regulation for any disturbance signal w dist (·) that is a linear combination of a finite number of known τ -periodic functions. This controller can in particular be used when the frequencies of the disturbance signal w dist (·) are known, but the amplitudes and the phases are unknown.
The last two controllers presented in this paper are designed to solve the robust output regulation problem. Our third controller is a robust discrete-time feedback controller that achieves output tracking and disturbance rejection even under perturbations and uncertainties in the parameters of the system (1) . We will see that the internal model principle [2] , [5] , [22] implies that in order to tolerate arbitrary small perturbations in the system (1), the controller (3) must necessarily be infinite-dimensional. However, we will also show that if the goal of the asymptotic output tracking is relaxed to approximate convergence of the output y(t) to the reference signal y ref (·), then the robust output regulation problem can be solved with a finite-dimensional controller. In particular, the fourth and final controller we present is a finite-dimensional discrete-time feedback controller that achieves approximate output tracking in the sense that the 0018-9286 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
regulation error becomes small as t → ∞, and is robust with respect to small perturbations in the parameters of the system. The constructions of the controllers are completed using two operators P ∈ L(L 2 (0, τ; U 0 ), L 2 (0, τ; Y 0 )) and P d ∈ L(L 2 (0, τ; U d0 ), L 2 (0, τ; Y 0 )) associated to the periodic system (1). If we denote by U A (t, s), t ≥ s, the strongly continuous evolution family associated to (1a) [4] , then the operators P and P d are defined in such a way that for all u ∈ L 2 (0, τ; U 0 ) and w ∈ L 2 (0, τ; U d0 )
The operator I − U A (τ, 0) is boundedly invertible since (1) is exponentially stable. The operators P and P d describe the steady-state output of the stable periodic system (1) under τ -periodic inputs u(·) and disturbances w dist (·), respectively. In particular, we will show that if u(·) ∈ L 2 loc (R, U 0 ) and w dist (·) ∈ L 2 loc (R, U d0 ) are periodic extensions of the functions u 0 (·) and w 0 (·) on [0, τ], then the output y(t) of (1) converges to the τ -periodic extension of the function y 0 = Pu 0 + P d w 0 in the sense that y(nτ + ·) − y 0 (·) L 2 (0,τ ) → 0 as n → ∞.
The choices of the controller parameters are based on solutions of linear equations of the form y 0 = Pu 0 for certain y 0 ∈ L 2 (0, τ; Y 0 ). The form of the operator P implies that u 0 ∈ L 2 (0, τ; U 0 ) can be obtained as a solution of a Volterra-Fredholm integral equation. We will further show that for a stable periodic system, the operator P and the function u 0 can be approximated based on measurements taken from the system (1) using a straightforward procedure introduced in Section V. Output regulation of finite-dimensional nonautonomous systems has been studied in [13] , [17] , [26] , [28] , [31] , and [33] . Moreover, robust controllers based on time-dependent internal models have been introduced in [32] . For infinite-dimensional periodic systems, the output regulation problem was studied in [23] for an autonomous system and reference and disturbance signals generated by a periodic exosystem. In this paper, we employ the so-called lifting technique [1] , [18] to introduce novel controllers for finite and infinite-dimensional periodic systems. Lifting has been successfully used in the study of robust output regulation for periodic discrete-time systems in [6] - [8] , [15] , and [19] . However, extending the lifting approach to continuoustime systems poses many mathematical challenges due to the infinite-dimensional input and output spaces of the resulting lifted systems. In this paper, we demonstrate that the lifting approach remains a powerful tool also in controller design for continuous-time periodic systems. In particular, controller design for lifted system leads naturally to discrete-time dynamic error feedback controllers of the form (3).
The lifting approach for robust output regulation of continuous-time systems was first used in [21] for finitedimensional periodic systems without disturbance rejection. The third controller presented in this paper generalizes the controller in [21] to infinite-dimensional systems with external disturbance signals, and weakens the assumptions required in the construction. The first controller in this paper extends the feedforward control law originally presented in [23] for autonomous systems with periodic exosystems. We show that the presented construction of the feedforward control law using the operators P and P d is equivalent to the solution of the periodic regulator equations consisting of an infinite-dimensional Sylvester differential equation and a regulation constraint. The two discrete-time error feedback controllers that are presented for output regulation and for approximate robust output regulation are completely new.
We illustrate the theoretic results with two examples. In the first example, we consider a system consisting of two harmonic oscillators with periodic damping and periodic coupling. In the second example, we design controllers for output tracking and robust output tracking for a periodically time-dependent twodimensional heat equation with boundary disturbances.
The paper is organized as follows. In Section II, we state the standing assumptions on the system (1) and formulate the main control problems. The constructions of all the controllers are presented in Section III. The proofs of the main theorems are presented separately in Section IV. In Section V, we present a method for approximating the operators P and P d based on measurements from the system (1) . The examples where we consider controller design for the system of harmonic oscillators and the periodic heat equation are presented in Sections VI and VII, respectively. Section VIII contains concluding remarks.
If X and Y are Banach spaces and A : X → Y is a linear operator, we denote by D(A), N (A), and R(A) the domain, kernel, and range of A, respectively. The space of bounded linear operators from X to Y is denoted by L(X, Y ). If A : X → X, then σ(A) and ρ(A) denote the spectrum and the resolvent set of A, respectively. For λ ∈ ρ(A), the resolvent operator is R(λ, A) = (λ − A) −1 . If X and Y are Hilbert spaces, then A * is the adjoint of A ∈ L(X, Y ). The inner product on a Hilbert space is denoted by ·, · . The space of τ -periodic X-valued functions is denoted by C τ (R, X).
II. STANDING ASSUMPTIONS AND CONTROL OBJECTIVES
We begin by stating the standing assumptions on the system (1). The parameters (A(·), B(·), B d (·), C(·), D(·)) are operator-valued τ -periodic functions satisfying B(·) ∈ L ∞ (R, L(U 0 , X)), B d (·) ∈ L ∞ (R, L(U d0 , X)), C(·) ∈ L ∞ (R, L(X, Y 0 )), and D(·) ∈ L ∞ (R, L(U 0 , Y 0 )), where U 0 , U d0 , and Y 0 are Hilbert spaces. We denote U = L 2 (0, τ; U 0 ), U d = L 2 (0, τ; U d0 ), and Y = L 2 (0, τ; Y 0 ). We assume there exists a strongly continuous evolution family U A (t, s) [4] satisfying U A (t, t) = I and U A (t, r)U A (r, s) = U A (t, s) for all t ≥ r ≥ s such that for all u ∈ L 1 loc (R; U 0 ) the system (1) has a welldefined mild state given by
If space X is finite-dimensional, then the evolution family U A (t, s) is given by the fundamental matrix of the ordinary differential equation (1a). More generally, the assumption is in particular true if A(·) = A 0 + A 1 (·), where A 0 : D(A 0 ) ⊂ X → X generates a strongly continuous semigroup T 0 (t) on X and A 1 ∈ L ∞ (R, L(X)) is τ -periodic. In this case, the strongly continuous evolution family U A (t, s) is uniquely determined by the integral equations
The perturbed systems considered in the robust output regulation problem are assumed to satisfy the same standing assumptions as the nominal system (1) . The fact that A(·) is τ -periodic implies that U A (t + τ, s + τ ) = U A (t, s) for all t ≥ s. In this paper, we study the control of stable systems, and we therefore assume that the evolution family U A (t, s) is exponentially stable, i.e.,
The following characterization of exponential stability of a periodic evolution family U A (t, s) follows from the property U A (nτ, 0) = U A (τ, 0) n for all n ∈ N and [3, Prop. II.1.3].
Lemma II.1: If A(·) is τ -periodic, then U A (t, s) is exponentially stable if and only if |λ| < 1 for all λ ∈ σ(U A (τ, 0)).
Remark II.2: Even though we assumed that the values of the functions B(·), B d (·), and C(·) are bounded linear operators, the results in this paper remain valid also for certain classes of systems where B(t), B d (t), and C(t) are unbounded operators [27] . In particular, it is sufficient to pose conditions under which the lifted system in Section IV-A is well defined. This requirement is in particular satisfied if the system (1) is a timeinvariant regular linear system [30] .
Remark II.3: The results in this paper can also be used for constructing controllers for unstable systems if the system (1) can first be stabilized with either state feedback
The controllers can then be designed for the stabilized system with the new inputũ(t) provided that the stabilized system has a well-defined mild state given by a strongly continuous evolution family. For infinite-dimensional systems, sufficient conditions for this property are presented, e.g., in [4, Sec. VI.9.c], [12] , and [27] .
Throughout the paper, we assume that the reference and disturbance signals are τ -periodic functions such that
for some τ -periodic functions w k dist (·) ∈ L 2 loc (0, ∞; U d0 ) and some unknown coefficient vector v cf = (v 1 , . . . , v q ) T ∈ C q .
A. Control Objectives
The main goal in all of the control problems is to achieve the convergence of y(·) to a τ -periodic reference signal y ref (·) in the sense that for all initial states of the system and the controller, the integrals
decay to zero at a uniform exponential rate as n → ∞. This form of convergence differs from the pointwise convergence where
at an exponential rate as t → ∞, but we will see that it is a natural choice to use in connection with the lifting approach used in this paper. The three main control problems are defined in the following. The Feedforward Output Regulation Problem: For given fixed signals y ref (·) and w dist (·), choose a control input u(·) ∈ L 2 loc (0, ∞; U 0 ) in such a way that for some M, α > 0, we have
for all x 0 ∈ X and n ≥ 0. The next control objective considers output tracking and disturbance rejection using a feedback controller of the form (3). In this control problem, we can consider disturbance signals of the form (4) with unknown coefficients {v k } q k =1 ⊂ C. In our context, the exponential closed-loop stability means that there exist M 0 , M 1 , α 0 , α 1 > 0 such that in the case where y ref (·) ≡ 0 and w dist (·) ≡ 0, we have
for all t ≥ 0 and n ≥ 0 and for all initial states x 0 ∈ X and z 0 ∈ Z.
The Error Feedback Output Regulation Problem: Choose the parameters (G 1 , G 2 , K) of the dynamic feedback controller (3) in such a way that the following conditions are satisfied.
1) The closed-loop system is exponentially stable.
2) The output converges to the reference signal in the sense that for some M, α > 0 and for all initial states x 0 ∈ X and z 0 ∈ Z and for all
for all n ≥ 0. Finally, in the robust output regulation problem, it is in addition required that the error feedback controller tolerates perturbations and uncertainties in the parameters (A(t), B(t), B d (t), C(t), D(t)) of the system (1). The robustness of the controller also implies that the controller is capable of tracking any τ -periodic reference signalỹ ref (·) ∈ L 2 loc (0, ∞; Y 0 ) and rejecting any τ -periodic disturbance signal w dist (·) ∈ L 2 loc (0, ∞; U d0 ) The Robust Output Regulation Problem: Choose (G 1 , G 2 , K) in the dynamic feedback controller (3) in such a way that the following conditions are satisfied.
2) The output converges to the reference signal in the sense that for some M, α > 0 and for all initial states x 0 ∈ X and z 0 ∈ Z and for
in such a way that the exponential closedloop stability is preserved, then the property (2) continues to hold for some constants M, α > 0.
III. CONSTRUCTION OF THE CONTROLLERS
In this section, we present our main results on the construction of controllers. The proofs of all the theorems are presented later in Section IV.
A. Feedforward Output Regulation
The following theorem presents a periodic control law that achieves output tracking of a given reference signal y ref (·) and rejects the known disturbance signal w dist (·).
Theorem III.1: Assume the system is exponentially stable. If there exists u reg (·) ∈ L 2 (0, τ; U 0 ) such that
then the τ -periodic control law u(·) that is the periodic extension of u reg (·) from [0, τ] to [0, ∞) solves the feedforward output regulation problem.
If instead of a single disturbance signal w dist (·) we want to reject signals of the form (4) with {v k } q k =1 , we can achieve this by finding
The linearity of the operators P and P d then implies that for all {v k } q k =1 the function u reg (·) in Theorem III.1 is given by
It follows from the proof of Theorem III.1 that the same control law also solves the output regulation problem in the case where the system (1) is only strongly stable, meaning that U A (t, 0)x 0 → 0 as t → ∞ for all x 0 ∈ X, and 1 ∈ ρ(U A (τ, 0)). In this situation, the output y(t) converges to the reference signal in the sense that for all initial states
The form of the operator P implies that finding the solution u reg of the equation
Alternatively, the solution u reg of Pu reg = y ref − P d w dist can be approximated based on measurements from the periodic system (1) using the procedure introduced in Section V. The periodic control law u(·) in Theorem III.1 can also be characterized as part of the solution of the periodic regulator equations of the form studied in [23] and [31] . This connection is described in detail in Section III-D.
Finally
and the operator P and P d simplify so that
For time-invariant systems and for τ -periodic reference and disturbance signals y ref (·) and w dist (·), it is possible to solve the output regulation problem by solving the regulator equations associated to an infinite-dimensional autonomous exosystem [14, Th. 3.1] . Also in this case, the resulting control input u(·) is τ -periodic, and thus by Theorem III.1 it is of the form of the periodic feedforward control law considered in this section in the sense that it satisfies (5) on [0, τ].
B. Error Feedback Output Regulation
In this section, we consider reference and disturbance signals of the form (4) with unknown coefficients {v k } q k =1 ⊂ C. Similarly, as explained in Section III-A, the functions u k reg can be solved from Volterra-Fredholm integral equations with kernels (6), or approximated using measurements from the system as shown in Section V.
Theorem III.3: Assume the system is exponentially stable and the reference and disturbance signals are of the form (4) where either
Assume further that there exist u k reg (·) ∈ L 2 (0, τ; U 0 ) for k ∈ {0, . . . , q} such that
Then, there exists ε * > 0 such that for every 0 < ε ≤ ε * the r-dimensional controller (3) solves the error feedback output regulation problem.
Denote
On the other hand, if y ref (·) ≡ 0, then we can choose an index set {k 1 , . . . , k r } with k 1 ≥ 1 and then
The invertible matrix Q ∈ C r × r can be used to improve the stability of the closed-loop system. One possible choice of Q is illustrated in the example in Section VI. By Remark IV.4, it would also be possible to choose any G 2 ∈ L(Y, C r ) such that σ(G 2 PK 0 ) ⊂ C − . However, for our controller the choice G 2 = −(PK 0 Q) * has a particularly simple structure.
We will see later that the exponent in the rate of decay of the regulation error is determined by the stability margin of the closed-loop system consisting of the lifted periodic system and the discrete-time controller. If available, this information can be used to choose a suitable value of the parameter ε > 0. As explained in Remark VI.1, for a finite-dimensional X, the closed-loop system operator and its spectrum can be approximated numerically by simulating the controlled system and recording the values of x(τ ) and z 1 for when the initial state vectors (x 0 , z 0 ) T are the Euclidean basis vectors of X × Z. If X is infinite-dimensional, the same procedure can be used for finite-dimensional approximations of the original system.
C. Robust Output Regulation
In this section, we present controllers for output tracking and disturbance rejection with the additional robust-ness requirement. The first controller presented in Theorem III.4 is a discrete-time feedback controller on an infinitedimensional state-space. In fact, the internal model principle in Theorem IV.5 will imply that robustness cannot be achieved with a finite-dimensional autonomous feedback controller. However, Theorem III.5 demonstrates that a finite-dimensional discretetime feedback controller can be designed to achieve approximate output tracking and disturbance rejection and robustness with respect to perturbations in the system.
Theorem III.4: Assume the system is exponentially stable
Then, there exists ε * > 0 such that for every 0 < ε ≤ ε * the infinitedimensional controller (3) solves the robust output regulation problem.
Later in Section IV, we will see that the assumption on the surjectivity of P is necessary for robustness due to the requirement that the transfer function of the lifted system must be surjective at the frequency μ = 1. For time-invariant systems, this is a well-known condition, but for periodic systems it becomes fairly restrictive and can mainly be achieved in the situation where D(t) is boundedly intertible for all t ∈ [0, τ]. If the surjectivity assumption is satisfied, one possible choice for the stabilizing operator
The following theorem introduces a simple finite-dimensional controller that solves the robust output regulation problem approximately in the sense that y(nτ + ·) − y ref (·) L 2 becomes small as n → ∞. The asymptotic error bound presented in the theorem depends on the system, the reference and disturbance signals, as well as on the space Y N used in the construction.
Theorem III.5: Assume the periodic system is exponentially stable and let Y N be a finite-dimensional subspace of Y such that Y N ⊂ R(P).
Then, there exists ε * > 0 such that for all 0 < ε ≤ ε * the controller (3) solves the output regulation problem approximately for all τ -periodic reference and disturbance signals y ref ∈ Y and w dist ∈ U d . Asymptotically, the regulation error on the interval [nτ, (n + 1)τ ) satisfies an estimate
Moreover, the controller is robust with respect to perturbations for which the perturbed closed-loop system is exponentially stable. If 1 ∈ ρ(UÃ (τ, 0)) for the perturbed system, then the asymptotic error is of the form above for perturbed parameters of the system.
To estimate the asymptotic regulation error, the norms (I − Q N )PKz and (I − Q N )P d w dist can be approximated based on measurements from the system using the procedure in Section V, and (I − Q N )y ref can be computed explicitly.
D. Connection to Periodic Regulator Equations
In this section, we relate the solution of the output regulation problem in Theorem III.1 to the solvability of the periodic regulator equations studied in [23] . In particular, it was shown in [23, Th. 5 ] that the control law solving the output regulation problem for an autonomous system and for reference signals y ref (·) and disturbance signals w dist (·) can be expressed in terms of the unique periodic mild solution (Π(·), Γ(·)) of the equationṡ
where the periodic exosystem generating the signals y ref (·) and
In the situation of Theorem III.1, the signals y ref (·) and w dist (·) can be generated with choices q = 1, S(·) ≡ 0, E(·) = w dist , and F (·) = −y ref . By "periodic mild solution" of (7), we mean that Π(·) and Γ(·) are periodic functions
Here U S (t, s) is the fundamental matrix of the differential equation (8a). It was shown in [23, Th. 5] that output regulation for a stable autonomous system is achieved with a control input u(t) = Γ(t)v(t). The following theorem shows that the control law presented in Theorem III.1 for the nonautonomous system (1) is of the same form.
Theorem III.6: The control law u(·) in Theorem III.1 is of the form u(·) = Γ(·)v(·) where the pair (Π(·), Γ(·)) is a periodic mild solution of (7) and v(t) is the state of the exosystem (8) generating the reference and disturbance signals. 
Since S(·) ≡ 0 ∈ C, we have U S (t, s) = 1 ∈ C for all t ≥ s, and the form of Π(·) implies that it is the mild solution of (7a) on [0, τ]. Moreover, since f (·) is τ -periodic and U A (t + τ, s + τ ) = U A (t, s) for all t ≥ s, a direct computation shows that Π(·) is also τ -periodic. Thus, Π(·) is a periodic mild solution of (7a). Finally, the definitions of the operator-valued functions Π(·) and Γ(·) imply that on [0, τ] we have
Similarly, the functions u k reg in Theorem III.3 are related to the solutions of periodic regulator equations of the form (7) .
Corollary III.7: The periodic extensions u k (·) of the functions u k reg in Theorem III.3 are of the form u k (·) = Γ k (·), where Γ k (·) satisfies the following.
1) If k = 0, then (Π k (·), Γ k (·)) is a periodic mild solution of (7) with q = 1, S(·) ≡ 0, E(·) ≡ 0, and F (·) = −y ref .
2) If k = 0, then (Π k (·), Γ k (·)) is a periodic mild solution of (7) with q = 1, S(·) ≡ 0, E(·) = w k dist , and F (·) ≡ 0.
IV. PROOFS OF THE MAIN RESULTS
In this section, we present the proofs of the theorems in Section III. We begin by representing the periodic system (1) as a discrete-time system using the lifting technique [1] . In Section IV-B, we recall and extend the theory of output regulation for infinite-dimensional discrete-time systems and in particular introduce the internal model principle for systems with infinite-dimensional input and output spaces. The proofs of the theorems in Section III are based on combining the results in Sections IV-A and IV-B and they are presented in Section IV-C.
A. Lifted System
The "lifted system" [1] corresponding to the periodic system (1) is an autonomous discrete-time system
on the space X, where the lifted state x n , the inputs u n and w n , and the output y n are given by
The lifted system (9) is an autonomous discrete-time system on the Banach space X with infinite-dimensional input and output spaces. Due to Lemma II.1 and A = U A (τ, 0), the lifted system is exponentially stable if and only if (1) is exponentially stable. We denote the transfer functions of the lifted system with
for all μ ∈ ρ(A). It is immediate that the operators P and P d are related to the lifted system by P = P (1) and P d = P d (1) .
B. Controllers for Discrete-Time Systems
In this section, we recall and extend selected results for output regulation of a stable discrete-time system x n +1 = Ax n + Bu n + B d w n , x 0 ∈ X (10a) y n = Cx n + Du n + D d w n (10b) on a Banach space X. Here A ∈ L(X), B ∈ L(U, X), B d ∈ L(U d , X), C ∈ L(X, Y ), and D ∈ L(U, Y ). In this section U , U d , and Y may be general Hilbert spaces. We denote
for μ ∈ ρ(A). We consider output tracking and disturbance rejection of signals generated by a discrete-time exosystem
We consider an error feedback controller of the form
, and e n = y n − y ref n . The closed-loop system with the state x n e = (x n , z n ) T ∈ X × Z is of the form x e n +1 = A e x e n + B e v n , x e 0 = (x 0 , z 0 ) T (13a) e n = C e x e n + D e v n (13b)
with Definition IV.1: In the output regulation problem for the system (10) and the exosystem (11), the goal is to choose the controller (12) in such a way that the closed-loop system (13) is exponentially stable and there exist M, α > 0 such that
for all initial states x 0 ∈ X, z 0 ∈ Z, and v 0 ∈ C q .
In robust output regulation, we in addition require that if the parameters (A, B, C, D, E, F ) are perturbed to (Ã,B, C,D,Ẽ,F ) in such a way that the exponential closed-loop stability is preserved, then (14) holds for some constants M, α > 0 and for all initial states.
Theorem IV.2: Assume that {μ k } q k =1 ⊂ ρ(A) and that the closed-loop system with the controller (G 1 , G 2 , K) is exponentially stable. Then, (G 1 , G 2 , K) solves the output regulation problem if and only if for all k ∈ {1, . . . , q}, the equations Theorem IV.2 implies that for output regulation it is necessary that F φ k + P d (μ k )Eφ k ∈ R(P (μ k )) for all k.
Theorem IV.3: Assume the system (10) is exponentially stable and S = I ∈ C q ×q . Assume further that F φ k + P d (1)Eφ k ∈ R(P (1)) for all k ∈ {1, . . . , q} and let {u k } r k =1 ⊂ U be a minimal set of linearly independent vectors such that
Choose the controller (12) on Z = C r in such a way that
. . , u r ] ∈ L(C r , U), Q ∈ C r × r is invertible, and ε > 0. Then, there exists ε * > 0 such that for all 0 < ε ≤ ε * the controller solves the output regulation problem.
Proof: The structures of G 1 and K 0 imply that equations (15) have solutions for all k ∈ {1, . . . , q}.
Similarly as in the proof of [20, Thm. 8] , we can show that the closed-loop system operator is boundedly similar to the operator
was chosen in such a way that {P (1)u j } r j =1 is linearly independent, we have that G 2 is surjective and G 2 G * 2 > 0. This implies that for small ε > 0, the spectral radius of 1 − εG 2 G * 2 is smaller than 1 and ε R(μ, 1 − εG 2 G * 2 ) ≤ M 0 for some M 0 > 0. The above block operator is of the form A 0 (ε) + Δ(ε), and the fact that we can choose ε * > 0 so that the closed-loop system is exponentially stable whenever 0 < ε ≤ ε * follows from studying Δ(ε)R(μ, A 0 (ε)) for μ ∈ C with |μ| ≥ 1.
Remark IV.4: Instead of G 2 = −(P (1)K 0 Q) * , we could take any G 2 ∈ L(Y, C r ) such that the eigenvalues of the matrix G 2 P (1)K 0 Q ∈ C r × r have negative real parts, analogously as in [11, Appendix B] .
The last two results in this section concern the robust output regulation problem. The following theorem presents the internal model principle for infinite-dimensional discrete-time systems. Conditions (17) and (18) offer two alternative definitions for an "internal model." Condition (18) is a direct generalization of the classical internal model of Francis and Wonham [5] and Davison [2] , whereas the conditions (17) studied in [10] and [22] have the advantage of being applicable for systems with infinite-dimensional output spaces.
Theorem IV.5: Assume the closed-loop system with the controller (G 1 , G 2 , K) is exponentially stable. Then, (G 1 , G 2 , K) solves the robust output regulation problem if and only if
In particular, a stabilizing controller can solve the robust output regulation problem only if
Finally, if dim Y < ∞, then the condition (18) is also sufficient for the robustness of the controller. Proof: Since the operators (A e , B e , C e , D e ) of the closedloop system (13) and the regulator equations (16) are of the same form as in the continuous-time case, the proof can be completed as in [22, (see also [20, Thm. 7] ).
The following controller is a discrete-time special case of the one presented in [11] , and the structure is also related to the controllers in [9] , [16] , and [29] where dim Y < ∞.
Theorem IV.6: Assume the system is exponentially stable, the exosystem is such that q = 1 and S = 1 ∈ C, and P (1)
is surjective. Choose a Hilbert space Z and the parameters (G 1 , G 2 , K) in such a way that G 1 = I Z ∈ L(Z), G 2 ∈ L(Y, Z) is boundedly invertible, and K = εK 0 , where ε > 0 and K 0 ∈ L(Y, U ) is such that σ(G 2 P (1)K 0 ) ⊂ C − . Then there exists ε * > 0 such that for all 0 < ε ≤ ε * the controller solves the robust output regulation problem.
Proof: The conditions (17) are satisfied since G 1 = I and G 2 is boundedly invertible. We can again show that the closed-loop system operator A e is similar to the block operator in the proof of Theorem IV.3 with Q = I. Since σ(G 2 P (1)K 0 ) ⊂ C − , the stability of the closed-loop system for small ε > 0 can be shown as in the proof of Theorem IV.3.
C. Proofs of the Main Theorems
We can now combine the results in Sections IV-A and IV-B to present the proofs of Theorems III.1, III.3, and III.4.
Proof of Theorem III.1 Consider the lifted version (9) of the periodic system (1) in the situation where (w n ) n ≥0 ⊂ U d = L 2 (0, τ; U d0 ) is such that w n = w dist (·) for all n ≥ 0. Choose (u n ) n ≥0 ⊂ U = L 2 (0, τ; U 0 ) such that u n = u reg (·) for all n ≥ 0, where u reg ∈ U is such that Pu reg = y ref − P d w dist . Since the lifted system (9) is stable and since (u n ) n ≥0 and (w n ) n ≥0 are constant signals, it is well known that the output of (9) satisfies
Moreover, since the lifted system is exponentially stable, y n − y ref (·) Y ≤ Me −αn x 0 2 + 1 for some M, α > 0. If the periodic system (1) is only strongly stable and 1 ∈ ρ(U A (τ, 0)), we have 1 ∈ ρ(A) and (9) is strongly stable in the sense that A n x → 0 as n → ∞ for all x ∈ X. In this situation,
Finally, the converse statement follows from the property that if the input u is the τ -periodic extension of u 0 ∈ L 2 (0, τ; U 0 ), then the output satisfies y n − (Pu 0 + P d w dist ) Y → 0 as n → ∞.
To prove Theorems III.3-III.5, we need to show that the closed-loop stability in the sense of Section II-A is equivalent to the exponential stability of the discrete-time closed-loop system.
Lemma IV.7: The closed-loop system consisting of the lifted system (9) and a discrete-time controller (12) is exponentially stable if and only if there exist M 0 , M 1 , α 0 , α 1 > 0 such that in the case where y ref (·) ≡ 0 and w dist (·) ≡ 0, we have
for all t ≥ 0 and n ≥ 0 and for all x 0 ∈ X and z 0 ∈ Z. Proof: The state of the closed-loop system satisfies
with initial state (x 0 , z 0 ) T ∈ X × Z. The "if" part follows directly from the fact that x n = x(nτ ) for all n ≥ 0. On the other hand, if the discrete closed-loop system is stable, there exist
and x(nτ ) ≤ M 2 e −α 2 n ( x 0 + z 0 ) for all n ≥ 0, and thus (19b) holds. If t = nτ + t 0 for some n ≥ 0 and 0 ≤ t 0 < τ, then the periodicity and exponential stability of (1) together with u(nτ + ·) = u n = Kz n imply that 
is the Euclidean basis of C q +1 , and v 0 = (1, v T cf ) T . Since P = P (1) and P d = P d (1), Theorem IV.3 implies that the controller with the choices of (G 1 , G 2 , K) in Theorem III.3 solves the output regulation problem for the lifted system (9) . In particular, for all initial states x 0 ∈ X, z 0 ∈ Z, and for all v cf = (v 1 , . . . , v q ) T ∈ C q , we have 
Since σ(G 2 P (1)K 0 ) ⊂ C − , the exponential stability of the closed-loop system for all sufficiently small ε > 0 can be shown as in the proof of Theorem IV.3.
If we denote P e (μ) = C e R(μ, A e )B e + D e , then the closedloop stability and v n ≡ 1 imply that the regulation error satisfies e n → P e (1) and
as n → ∞. The first part of the proof is complete once we show that P e (1) 
Since Q N PK ∈ L(C r , Y N ) is surjective and r = dim Y N , (20) has a unique solution. To compute P e (1), denote (x, z) T = R (1, A e )B e . We then have
.
. Substituting x to the second equation and using the invertibility of G 20 shows that z ∈ Z is the unique solution of (20) . Finally, a direct computation using (20) shows that
If the parameters of the periodic system are perturbed in such a way that the exponential closed-loop stability is preserved, then for any signals y ref (·) and w dist (·) the regulation error satisfies e n → P e (1) , whereP e (μ) is the transfer function of the perturbed closed-loop system. If we also have 1 ∈ ρ(Ã), then we can show analogously as above that
V. MEASURING P AND P d w k dist FROM THE SYSTEM In this section, we introduce a simple method for approximating the operator P ∈ L(U, Y ) and the functions P d w k dist ∈ Y based on measurements from the output of the original periodic system (1) . Throughout this section, we assume U = L 2 (0, τ; U 0 ) has an orthonormal basis
It is well known that since the discrete-time lifted system (9) is stable, the output y n corresponding to any initial state x 0 ∈ X, the constant input u n ≡ u 0 ∈ U , and disturbance w n ≡ 0 ∈ U d satisfies y n → P (1)u 0 = Pu 0 as n → ∞. In terms of the original periodic system, this means that the output y(·) on the interval [nτ, (n + 1)τ ) corresponding to the τ -periodic input u(·) such that u(·) = u 0 (·) ∈ L 2 (0, τ; U 0 ) on [0, τ] converges to the function (Pu 0 )(·) as n → ∞. In particular, if we choose the τ -periodic input u k (·) in such a way that u k (·) = ϕ k (·) on [0, τ] for k ∈ N, then the corresponding output y k (·) on the interval [nτ, (n + 1)τ ) converges to
in the L 2 -norm as n → ∞. The coefficients c kl = (Pϕ k )(·), ψ l Y can thus be approximated with c kl ≈ y k (nτ + ·), ψ l Y for a sufficiently large n. For large M, N ∈ N, the matrix
can then be used as an approximation of the operator P from the subspace span{ψ k } M k =1 ⊂ U to the subspace span{ϕ l } N l=1 ⊂ Y . In particular, the solution of the operator equation y = Pu with y = ∞ l=1 y l ψ l can be approximated with
where (u 1 , . . . , u M ) T = P † MN (y 1 , . . . , y N ) T . A similar procedure can be used to approximate P d w k dist . Indeed, for τ -periodic inputs u(·) ≡ 0 and w(·) such that w(·) = w k dist (·) on [0, τ], the corresponding output y k (·) satisfies y k (nτ + ·) − P d w k dist (·) L 2 → 0 as n → ∞. Therefore, the function (P d w k dist )(·) can be approximated with y k (·) on the interval [nτ, (n + 1)τ ) for a sufficiently large n.
The bases of U and Y can be chosen freely. If X, U 0 , and Y 0 are real spaces, it is convenient to use real bases of U and Y , in which case P MN ∈ R N ×M . exponentially stable. The closed-loop stability can be tested for a given ε > 0 by simulating the original periodic system and the discrete-time controller on the interval [0, 2π] for initial states x e 0 = (x 0 , z 0 ) T = φ k ∈ X × Z = C 9 , where φ k are the Euclidean basis vectors. The final states x e 1 = (x(2π), z 1 ) T of the simulations are the corresponding columns of the closedloop system matrix A e , whose eigenvalues determine the closedloop stability. These simulations can be used to optimize ε > 0 in such a way that the stability margin of the closed-loop system is sufficiently large while the imaginary parts of the eigenvalues of A e remain relatively small. Figs. 2 and 3 show the output of the controlled system and the errors y(nτ + ·) − y ref (·) for the disturbance signals w 1 d (t) = 0.1 cos(2t) and w 2 d (t) = 0.1 cos(2t) − 0.1 sin(t) and initial state x 0 = 0 ∈ R 4 . Using the procedure in Remark VI.1, the parameter ε > 0 was chosen as ε = 0.25, and we let z 0 = 0 ∈ C 5 .
C. Approximate Robust Control
Finally, we construct a dynamic feedback controller in Theorem III.5 to achieve approximate robust output tracking for the system of harmonic oscillators. If we choose Y N = span{ϕ k } 7 k =−7 where ϕ k = 1 √ 2π e ik · , then the constructed controller has dimension r = dim Y N = 15. For the simulations, we approximate the spaces U = Y = L 2 (0, 2π) with span{ϕ k } 14 k =−14 , and we denote by P N the corresponding approximation of the operator Q N P : U → Y N .
The controller parameters were chosen so that Z = C 15 , G 1 = I, and Q N is the projection onto Y N . In order to ensure that σ(G 20 Q N PK 0 ) ⊂ C − we chose G 20 = diag(σ 1 , . . . , σ 15 ) −1 V * 1 and K 0 = −Ṽ 2 where V 1 , V 2 , and Σ = diag(σ 1 , . . . , σ 15 ) ∈ R 15×29 were obtained from the singular value decomposition V 1 ΛV * 2 of P N ∈ C 15×29 , andṼ 2 contains the first r = 15 columns of V 2 . Finally, using the procedure in Remark VI.1, we chose ε = 0.2. Figs. 4 and 5 show the behavior of the output and the regulation error for a 2π- periodic triangular reference signal and the disturbance signals w 1 d (t) = 0.3 sin(t) and w 2 d (t) ≡ 0.2, and for the initial states x 0 = 0 and z 0 = 0 of the system and the controller.
The asymptotic error estimate in Theorem III.5 can be approximated numerically using the operator P measured from the system's response. This way we can show that the regulation error is of order
as n → ∞.
VII. CONTROLLER DESIGN FOR A PERIODIC HEAT EQUATION
In this section, we design controllers for a stable nonautonomous heat equation with boundary disturbances. The system is determined by the partial differential equation for t ∈ [0, 2π]. The evolution family U A (t, s) is obtained as a composition of the strongly continuous semigroups T 1 (t), T 2 (t), and T 3 (t) generated by the operators A 1 = 1 6 Δ + χ Ω 0 (·), A 2 = 1 6 Δ + 3χ Ω 0 (·), and A 3 = 1 6 Δ + 2χ Ω 0 (·), respectively. The domains of the generators are D(A k ) = { x ∈ H 2 | x(ξ) = 0 on ξ ∈ ∂Ω \ Γ 0 , ∂ x ∂ ξ 2 (ξ) = 0 on ξ ∈ Γ 0 } for k = 1, 2, 3. In particular, we have U A (2π, 0) = T 3 (π/2)T 2 (π/2)T 1 (π).
The boundary disturbance corresponds to B d = δ Γ 0 ∈ L(C, X −1 ). Since B d is admissible with respect to A k for all k = 1, 2, 3, the operator B d is well defined and bounded.
For simulations, the state of the heat equation was approximated with a finite difference scheme with 12 equally spaced points in both spatial dimensions. Precise characterization of the range of the operator P for the periodic heat system would be difficult, but it is immediate that all functions y ∈ R(P) must possess a certain level of smoothness. Therefore, achieving exact output tracking of reference signals that are not continuously differentiable will be impossible in this example.
A. Feedforward Control
We begin by designing a control law to achieve output tracking of the 2π-periodic reference signal y ref (t) = − 1 3 sin(3t) + sin(t) despite the disturbance signal w dist (t) = 2 cos(2t) + 3 sin(2t) on the boundary. Fig. 6 shows the output of the controlled system for the initial state x 0 (ξ) ≡ −1. The operator P and the function P d w dist were approximated using measurements from the system on [nτ, (n + 1)τ ) for n = 12 using span{ϕ k } 10 k =−10 with ϕ k = 1 √ 2π e ik · as an approximation for the spaces U = Y = L 2 (0, 2π).
B. Approximate Robust Control
We will now construct the controller in Theorem III.5 to achieve approximate robust output regulation for the periodic heat equation. We choose Y N = span{ϕ k } 7 k =−7 , where ϕ k = 1 √ 2π e ik · and the resulting controller has dimension r = dim Y N = 15. For the simulations, we approximate U = Y = L 2 (0, 2π) with span{ϕ k } 14 k =−14 , and denote by P N the corresponding approximation of Q N P : U → Y N .
For the controller, we choose Z = C 15 , G 1 = I, and let Q N be the projection onto Y N . To achieve σ(G 20 Q N PK 0 ) ⊂ C − , we choose G 20 = diag(σ 1 , . . . , σ 15 ) −1 V * 1 and K 0 = −Ṽ 2 where V 1 , V 2 , and Σ = diag(σ 1 , . . . , σ 15 ) ∈ R 15×29 are from the singular value decomposition V 1 ΛV * 2 of P N ∈ C 15×29 , and V 2 consists of the first r = 15 columns of V 2 . We used the procedure in Remark VI.1 to choose ε = 0.35. Figs. 7 and 8 show the behavior of the output and the regulation error for a 2π-periodic triangular reference signal and the disturbance w d (t) = 0.3 sin(t), and for the initial states x 0 (ξ) ≡ 0 and z 0 = 0 of the system and the controller.
The asymptotic error estimate in Theorem III.5 can be approximated numerically using finite difference approximation and the operator P measured from simulations. Based on this approximation, we get that the regulation error is of order y(nτ + ·) − y ref (·) L 2 ≈ 0.12 as n → ∞.
VIII. CONCLUSION
In this paper, we have studied the construction of controllers for output regulation and robust output regulation of continuous-time periodic systems. The constructions are based on expressing the original periodic system as an autonomous discrete-time system using the lifting technique. At the same time, the presented results also offer new methods for constructing controllers for output regulation of autonomous finite and infinite-dimensional systems in the situations where the signals y ref (·) and w dist (·) are τ -periodic functions.
Throughout the paper, we have concentrated on the case where the reference and disturbance signals have the same period length τ > 0 as the system's parameters. The most important topic for future research is to extend the controller constructions for more general signals y ref (·) and w dist (·) that are not periodic functions, or have different period lengths.
